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ABSTRACT 
Let F be an infinite field and n > 12. Then the number of conjugacy classes of the 
upper triangular nilpotent matrices in M,(F) under action by the subgroup of 
GL,(F) consisting of all the upper triangular matrices is infinite. 
Let F be a field. Two (upper) triangular matrices A,B in M,(F) will be 
called here conjugate if there is an upper triangular invertible matrix P in 
M,(F) such that B = PAP - ‘. Any triangular matrix in M,(F) is conjugate to 
a matrix A =(aii)lGi,iGn such that for any 1< i, j < n, if aii # ati, then aii =0: 
indeed, we can achieve this property by performing elementary similarity 
transformations corresponding to upper triangular matrices beginning from 
the top of the given matrix. 
Let A and B be two triangular matrices in M,,(F) of the form described 
above. Then they are conjugate if and only if the following conditions hold: 
(i) aii = bii, i = 1,. . . , n. 
(ii) Let I be a maximal subset of 1 ,..., nsuchthataii=aiiforanyi,jinZ. 
Then the matrices A’ = ( aij) and B ’ = ( bij), where i, i E I are conjugate. 
The “if’ part of the last assertion is clear. The “only if’ part follows from 
the identity: 
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Here 
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is a triangular matrix, and A,, . . . , A,, are quadratic submatrices of A. P is an 
invertible triangular matrix, and P,, . . . , P, are the submatrices of P corre- 
sponding to the partition A,, . . . ,A, of A. Clearly P,, . . . , P,, are triangular 
invertible matrices. Of course we do not assume that the elements of P 
outside P,, . . . , P,, are zeros. 
In this way the problem of conjugacy of general triangular matrices is 
reduced to the problem of conjugacy of triangular matrices with equal 
diagonal elements. Furthermore, we can clearly assume that all the diagonal 
elements are 0, and so we have to deal with conjugacy of nilpotent triangular 
matrices. 
It is easy to show that for small values of n (n < 5) a nilpotent upper 
triangular matrix is conjugate to a O-l matrix. This in particular implies that 
the number of conjugacy classes is finite. It is natural to ask whether these 
statements hold for any n. The following proposition shows that for n > 12 
we have an infinite number of conjugacy classes provided the ground field is 
infinite. 
PROPOSITION 1. Let F be an infinite field. Then for n > 12 the number 
of conjugacy classes of nilpotent trianguh matrices in M,,(F) is infinite. 
Proof. It is enough to show that the number of conjugacy classes is 
infinite for n = 12. Let V be a vector space over F with basis {e,, . . . , e,s} and 
let T: V+ V be the linear transformation defined as follows (o E F): 
e, b e2, 
e2 b e3, 
e3 k+ e4, 
elo ++ ell + aelz3 ell t+ 0, 
eg t+ ell + e12, e12 b 0. 
Let A, be the matrix of T with respect to the basis {e,, . . . ,e,,}. We claim 
that for a! # /?, A, is not conjugate to A,. Indeed, assume that there is a basis 
{ fi,. . . ,f12} of V, which matrix relative to the basis {e,, . . . ,e12} is triangular, 
such that the matrix of T with respect to { fi, . . . , f12} is A,. Then fl = 
IZ~=,a,,e,, where a,,#O. Now T4(ei)=0 for any 2 <i < 12, and so 
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T4(fl) = allT4(el) = ullell- On the other hand, T4(f,) =fii, and so fii = 
ollell. Similarly T3( fs) = fiz = aSei2, Ws) =fii +L= as&i1 + e& Wia) 
=fil+Pfiz=u 10IO(ell + e& F rom the first three relations we get uss( e,, + 
e,& = ullell + useI and so ass = ali = uS = c, c # 0. The fourth relation gives 
us c(eri + Beis) = ulOIO(ell + ae& and so c = uiOro, c/I = C(Y. Therefore cx = P, 
as was claimed. n 
Given any field F and a matrix A, over F as defined above which is 
similar to a matrix B= (bji)l<i,i<iz, it can be shown by the same method of 
proof that (Y belongs to the subfield generated by the b,‘s. In this way we get 
the following proposition: 
PROPOSITION 2. Let E 
z 
F be given fields. Then for n > 12 there is a 
nilpotent triangular matrix in M,,(F) which is not conjugate to any triangular 
matrix in M,,(E). 
From Propositions 1 and 2 we conclude that not every nilpotent triangu- 
lar matrix over an infinite or a non-prime field is conjugate to a O-l matrix. 
The proof of Proposition 1 shows that the last assertion is true for any prime 
field of p elements provided p >2% (26” ’ IS the number of nilpotent triangular 
12 X 12 matrices of O’s and l’s). It is probable that the assertion is true for 
any p >2. Another question which arises from the proof above is the 
following: does (Y in the definition of A, has any natural invariant meaning 
(like the determinant of a linear transformation)? A further question: is 
n = 12 the minimal counterexample to the finiteness of conjugacy classes or 
to conjugacy to a O-l matrix? 
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